HARMONIC MAASS-JACOBI FORMS WITH SINGULARITIES 
AND A THETA-LIKE DECOMPOSITION 



KATHRIN BRINGMANN, MARTIN RAUM, AND OLAV K. RICHTER 

Abstract. Real-analytic Jacobi forms play key roles in different areas of mathematics and 
physics, but a satisfactory theory of such Jacobi forms has been lacking. In this paper, we fill 
this gap by introducing a space of harmonic Maass-Jacobi forms with singularities which 
includes the real-analytic Jacobi forms from Zwegers's PhD thesis. We provide several 
structure results for the space of such Jacobi forms, and we employ Zwegers's /i-functions 
to establish a theta-like decomposition. 



1. Introduction 

Ramanujan's last letter to Hardy in 1920 (see [19j) features the first examples of mock theta 
functions, which have been of great interest since then. The study of mock theta functions 
has led to many spectacular applications in mathematics and physics (for an overview see 
for example Zagier |24] or Ono |17|). but no rigorous definition of mock theta functions 
had been found for a long time. Zwegers's PhD thesis |25| in 2002 solved this problem by 
linking mock theta functions to real- analytic vector- valued modular forms. This connection 
provided the necessary ingredients for the formal definition of mock theta functions given 
in |24| . A crucial tool in Zwegers's work is a certain real-analytic Jacobi form fj>. This 
^-function and similar real-analytic Jacobi forms also play a role in the theory of Donaldson 
invariants of CP 2 that are related to gauge theory (see for example Gottsche and Zagier , 
Gottsche, Nakajima, Yoshioka [10] . and Malmendier and Ono |15|). and they also appear in 
the context of the Mathieu moonshine (see for example Eguchi. Ooguri, and Tachikawa |8j). 
Naturally, one wishes to better understand real-analytic Jacobi forms. In [3], the first and 
third author suggest a definition of harmonic Maass-Jacobi forms, which up to singularities 
includes Zwegers's /i-function. However, the definition in |4j only allows Jacobi forms without 
singularities, and hence the /U-function itself does not belong to the space of such forms. 
Another drawback is that the entire space of Jacobi forms in [3] is too large, and it seems 
impossible to analyze the structure of that space as a whole. In this paper, we improve the 
definition in [3] by introducing the space of Heisenberg harmonic (H-harmonic) Maass-Jacobi 
forms (see Definition I3.4[) . This is a space of real-analytic Jacobi forms with singularities 
which contains Zwegers's //-function. We are able to describe this space explicitly, and we 
give a series of structure results for it. We now explain our main results in more detail. 

The first author was partially supported by the Alfried Krupp Prize for Young University Teachers of the 
Krupp Foundation and by NSF grant DMS-0757907. The second author holds a scholarship from the Max 
Planck society. The third author was partially supported by Simons Foundation Grant #200765. 
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Brainier and Funke's [5] operator is vital to the theory of harmonic weak Maass forms. 
Recall that the image of consists of weakly holomorphic modular forms. On the other hand, 
weakly holomorphic modular forms are precisely the harmonic weak Maass forms that are in 
the kernel of Hence, one may view as a differential operator that "simplifies" the space of 
harmonic weak Maass forms. We encounter similar phenomena in our situation. We consider 
the differential operators (defined in 13- If) and $,k,m (defined in I3.6() . which are analogs 
of H-harmonic Maass- Jacobi forms that are annihilated by these operators are Jacobi 
forms with an easier structure. For example, if a H-harmonic Maass-Jacobi form without 
singularities is annihilated by then it is semi-holomorphic, i.e., holomorphic in the 

' A H 

Jacobi variable z. The following table gives the distinguished subspaces of the space Ai J fc ' m 

of H-harmonic Maass-Jacobi forms of weight k and index m, where here and throughout the 

paper we always assume that k and m are half-integers and that m/0. The first four spaces 

consist of smooth functions, while the last four spaces include Jacobi forms with singularities. 

The prefix "Ai n stands for "meromorphic singularities"; see Corollary 14.41 in this context. 
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TABLE 1. Spaces of H-harmonic Maass-Jacobi forms 



Examples for each of the above subspaces are given in Example 13.61 In Sections [3] and [4] 
we also study skew-Maass- Jacobi forms, but here we only give structure results for the spaces 
in Table [TJ 

Theorem 1.1. 

(1) We have j££ = j££ and jj" = J S * If m < 0, then J^ = J^ = {0}. 
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(2) We have -MJ fe ^ = J fe jj* + M.^ h m , i.e., any (f) 6 -^^trn can ^ e wr itten as the sum 
of a semi-holomorphic Jacobi form and a meromorphic Jacobi form. In particular, if 
7^ <p G A4J fe is not meromorphic, then m > 0. 

(3,) VFe have -MJ^^ = Jj^~ + •Mjf'™; *- e -; an 2/ £ -^^m can ^ e wr itten as the sum 
of a semi-holomorphic Jacobi form and a Jacobi form that is annihilated by £& m . In 

A H 

particular, ifO ^ cj> £ -MJ^ ' does not vanish under £,k,m> then m > 0. 
(4) Ifm > 0, i^en = MJ^ and Aug, = A*jj^. 

Recall that harmonic weak Maass forms are uniquely determined by their singularities 
at the cusps up to holomorphic modular forms, which are zero for negative weight. Theo- 
rem [TTT] ([1]) provides the corresponding result for H-harmonic Maass- Jacobi forms. Specifi- 
cally, H-harmonic Maass- Jacobi forms are uniquely determined by their singularities up to 
semi-holomorphic Maass- Jacobi forms, which are zero for negative index. Note that the re- 
cent work of Dabholkar, Murthy, and Zagier [7] on quantum black holes and mock modular 
forms features mock Jacobi forms, which may be viewed as the holomorphic parts of semi- 
holomorphic Maass- Jacobi forms. Theorem 11.11 (JTJ) implies that [7J investigates precisely the 
holomorphic parts of H-harmonic Maass- Jacobi forms without singularities. 

We now turn our attention to another main result. The classical Jacobi forms in Eichler 
and Zagier [9 J have a theta decomposition, which can be phrased as in (|5.4p . It is easy to see 
that the semi-holomorphic Maass- Jacobi forms in [3] also have such a theta decomposition. 
In this paper, we employ the //-functions from Zwegers |25^ [26] to establish a theta-like 
decomposition for H-harmonic Maass- Jacobi forms. More precisely, let M^_i be the space 
of weakly holomorphic vector- valued modular forms of weight k — i and type p m (see Section [5] 
for details), and let fi m i be the (completed) vector- valued Jacobi form defined in (|5.8p . and 
which is a specialization of Zwegers's function in |26| . Theorem 15.21 gives the theta-like 
decomposition for H-harmonic Maass- Jacobi forms, which can also be stated as follows: 

Theorem 1.2. Let m > 0. The spaces M x . and AlX" / AlX'. m are isomorphic via 

k—^ipTji k, m ' K,—m 

{ h l)l [ y ^2 h l^rn,l- 

I (mod 2m) 

The theta decomposition of classical Jacobi forms in [9] has a natural explanation in terms 
of representation theory, which is discussed in detail in Berndt and Schmidt [TJ. Specifically, 
let vrg^ be the Schrodinger-Weil representation of the real Jacobi group with a certain central 
character. Then the map 

7T i — ► vr := 7T (g> 71-^ 

gives a one-to-one correspondence between genuine automorphic representations tt of the 
metaplectic double cover of SL2(M) and automorphic representations it of the real Jacobi 
group. It would be interesting to find such a representation theoretic interpretation of the 
theta-like decomposition in Theorem 11.21 Note that there is no such immediate analog in 
representation theoretic language, since nontrivial elements of A^jf'^ / MJ^ h _ m correspond 
to functions that are not in I? . 
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The paper is organized as follows. In Section [2j we review differential operators for the 
Jacobi group. In Section [HJ we define H-harmonic Maass- Jacobi forms and the spaces given 
in Table [TJ In Section UJ we apply tools from complex analysis of several variables to study 
Maass- Jacobi forms with singularities, and we prove Theorem 11.11 ([2]). In Section we 
determine the structure of H-harmonic Maass- Jacobi forms, and we prove Theorem 11.11 ([1]), 
([3]), and Q, and Theorem 11.21 Finally, in Section [6] we discuss H-quasi Maass- Jacobi forms, 
which are real-analytic Jacobi form analogs of the usual quasimodular forms. 

2. Differential operators for the Jacobi group 

In this section, we briefly review differential operators for the Jacobi group. Such operators 
have been studied in detail in the integral weight case (see [TJ [THJ [2D] ) , but it is easy to see that 
the results carry over to the half-integral weight setting. We will summarize these results, 
after introducing necessary notation. Throughout, we write r = x + iy G EI (the usual 
complex upper half plane) and z = u + iv G C. Recall that the metaplectic cover Mp 2 (M) of 
SL 2 (M) is the group of pairs (g,co), where g = (" d ) £ SL 2 (IR) and u) : M — > C, r i— )■ \/ct + d 
for a holomorphic choice of the square root, with group law 

(g,u)(g',uj') = (gg',ujo g' • J). 

Let G J := G J (R) := Mp 2 (R) x (R 2 xR) be the metaplectic real Jacobi group with group law 

(X M'\ 
, J+k + k') 

and let T J := Mp 2 (Z) xZ 2 be the full Jacobi group, where Mp 2 (Z) is the preimage of SL 2 (Z) in 
Mp 2 (R). For fixed half-integers k and m, and for all A = [( ( a c b d ) , ^ct + d), (A, fi), k] G G j , 
define the following slash operators on functions (j) : EI x C — > C : 

(2.1) (<f>\ km A)(T,z):= 

' ar + b z + Ar + /i N 



cr + d' ct + d 



and 

( 2 - 2 ) (Km A )^ Z )--- 



(?Z±* * + At + /x \ (^cVTd)^ \cr + dT 1 e ^(-^±^ + AV + 2A, + A At+K ) 
\CT + d CT + d J 



If k = 0, then by a slight abuse of notation we write [{{td) ,VcT + d),(X,fjL)) instead of 
[( ( " d) > Vct + d), (A, fi), 0] G G J . For convenience, we define 

d 1/5 . \ . 9 1/9 .0 

^ := - = ~ J - ~ » - ' ' * := 0f = 2 1 & + % 
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The raising operators and lowering operators with respect to actions in (|2.1I) and (|2.2I) are 
given by the differential operators, 

X k + m := 2i(d r + -d z + 2nim^ + -, X k J m := -2iy(yc\ + vdg), 

Y,' := io z — iirm—, Y _ := —lyo?, 

V 

X sk;k,m . = 2 ^ y 2 dr + ^ + ^-^2) + x sk; fc , m . = _ 2 ^Q_ + + (jfe- 1)1 

Y + '■= iyo z — iirmv, Y_ := —lOz. 

The following proposition summarizes their properties. 
Proposition 2.1. flU |2Q]; If A e G J and G C°°(HI x C), then 

* k ± m {A,m A ) = Y ^ (<t>\ k , m A) = (Y^) \ k±1}jn A, 

The Casimir operator with respect to the action in (|2.ip is given by 

i- n o\ n n vk— 2,m v k,m 1 / v k— 2,m-irk— l,m-irk,m -trk—l,m-irk—2,m v k,m\ 

[2.6) L k , m :-2X + X_ - ^(A + Y_ Y_ - Y + Y + A_ ) 

+ ^(fc-2)y + fc - 1 ' m y fc ' m , 

and the Casimir operator with respect to the action in (I2.2p is given by (normalized as in 

w 

C s £ m := 8mm {y^C^^y^ + 2k - 1 

(see also [U HSl 12 El ED]). 

Throughout, we adopt the following terminology. A real-analytic <fi : H x C — > C is semi- 
meromorphic if <p(r, ■ ) is meromorphic with isolated singularities for all r E H. In this case 
</> is annihilated by Y k,m or by Y0_ ' k,m . Moreover, we call a semi-meromorphic function that 
has no singularities semi-holomorphic. Finally, if <fi is annihilated by the Heisenberg Laplace 
operator 

aH \rk— l,m-yk,m \rsk\ fc+l,m-w-sk; k,m 

'■— r + 1 - — r + r - ) 

then (j) is Heisenberg harmonic (H-harmonic). Note that the differential operator Ao in [TJ 
p. 38] is very similar to A^. 

3. H-HARMONIC MAASS-JACOBI FORMS 

The understanding of Maass- Jacobi forms is evolving with connections to different areas of 
mathematics and physics. Maass- Jacobi forms were first introduced by Berndt and Schmidt 
PQ, and then more thoroughly investigated by Pitale |18| . The first and third author [3] 



HARMONIC MAASS-JACOBI FORMS 



extended Pitale's approach even further to include weak Maass-Jacobi forms. The theory in 
[3] includes new examples in the form of semi-holomorphic Poincare series, but lacked new 
examples that are not holomorphic in z. The notion of harmonic Maass-Jacobi forms in [3] 
is also quite general, and refinements of the definition of Maass-Jacobi forms are needed. In 
this section, we provide such refinements by introducing the spaces of Maass-Jacobi forms in 
TableE 

First we recall the weight k hyperbolic Laplacian 

A fe := -4y 2 d T dr + 2kiydr, 
which is needed for the definition of harmonic weak Maass forms: 

Definition 3.1 (Harmonic weak Maass forms). A harmonic weak Maass form of weight k 
on a congruence subgroup T C Mp 2 (Z) is a real-analytic function f : H — > C satisfying the 
following conditions: 

(1) For all((- b d ),VcTTd) eT, we have f '(f±^) = y/^F+f k /(r). 

(2) We have that A k (f) = 0. 

(3) The function f has at most linear exponential growth at all cusps ofT. 

Let Mfc denote the space of harmonic Maass forms of weight k, and denote its subspace of 
weakly holomorphic modular forms by M^ C . 

The next definition allows us to define Jacobi forms with singularities in Definition 13.41 

Definition 3.2. We say that a function <f) : W 2 — > C has a singularity of type fg^ 1 at 
x £ M. n if there are non-zero real-analytic functions f and g on a neighborhood U C M n of 
x such that (j) — fg^ 1 can be extended to a real-analytic function on U. In addition, if <f> is 
defined on a space with a complex structure and if f and g are holomorphic, then we say that 
(ft has a singularity of meromorphic type. 

Remark 3.3. Functions whose natural domain of definition (see [16J for details) are multi 
sheeted lead to singularities that are not as in Definition \3.2[ Prominent examples are loga- 
rithmic singularities and roots. 

We now improve the definition of harmonic Maass-Jacobi forms in [4J. 

Definition 3.4 (H-harmonic Maass-Jacobi forms). Let 4> : ixC- > C be a real-analytic 
function except for possible singularities of type fg" 1 , where f and g are real-analytic, such 
that the singularities of 0(r, • ) are isolated for every t £ M. Then (j) is an H-harmonic 
Maass-Jacobi form of weight k and index m if the following conditions are satisfied: 

(1) For all A £ T J , we have 4>\ km A = (j). 

(2) We have that C k>m (cj)) = 0. 

(3) We have that A^O) = 0. 

(4 ) There exists an open set U C M 2 such that </>(r, ar + j3) has no singularities for all r £ H 
and ( p ) £ U. For every a, f3 £ Q such that 4>(t, ar + /3) has no singularities, we have 
that 4>(t, ar + /3) = 0(e aj/ ) as y — > oo for some a > 0. 
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We write Ai J fc ' for the space of such forms. 

Remark 3.5. It is possible that the first condition of Definition \3.4\ is always true, but the 
authors are neither aware of a proof nor of a counterexample. The condition holds for Jacobi 
forms with "non-moving singularities". By non-moving singularities (see [7] for the notion of 
non-moving poles) we mean that the singularities in z are located at oti + fi%r + Z + Zr for 
(necessarily finitely many) fixed cti, G R. 

In the following we define analogs of Bruinier and Funke's [S] operator which are needed 
to characterize the spaces of Jacobi forms in Table [TJ Set 



(3.1) $ m (</>) := 1 ex P (-47rm^)y* ,ni (0) and 



(3.2) ££(0) := T^exp ( - Anmf) Y^ m {4>). 

The operators and are covariant with respect to the actions in (|2,ip and ()2.2D : If 

is a smooth function onixC and A E G^, then 

(3-3) (§rnmt- m A = %rn(<t>\ k , m A) and 

Recall that the weight k hyperbolic Laplacian factors as A k = — £,2-k ° £fc- Similarly, one 
finds that 

(o A H _ esk,H tH _ tH esk,H 

— Sfc _ m ° ?fc,m — ?fc ,-m ° ?fc,m ' 

From [4] and [3] recall the definitions 
(3.6) H k>m (cf>) := y k ^l 2 (x^^) - ^Y^Y^)) and 

(3-7) a k m (0) := y*^(*?*' m (0 - 3 ^n k;fe+1 ' m n k;fc ' m (^)) = s^V*"* Mfl. 

where L m := 8irimd T — d\ is the usual heat-operator. The operators £,k,m and £| k m are also 
covariant with respect to the actions in (|2.ip and (j2.2() : If is a smooth function on EI x C 
and AG G J , then 

(3.8) (&,mW)lt Jfc , m ^ = 6k,m(^| JbiTO A) and 

(3-9) (a k m (^))| 3 _ fc| ^=ei%(^|^). 

The actions of the Casimir operators simplify when applied to semi-meromorphic functions. 
Precisely, if <j) is semi-meromorphic, then one verifies that 

(3.10) C k>m (</>) = 2etk, m °tk,m{4>) and C| k m (0) = 26- t , m o^ m (^). 

We are now prepared to define the spaces in Table [TJ The subspaces of forms in M 
that are annihilated by £ k ,m and are denoted by A^jj^ and AUj^, respectively, and 
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M^ m := AU{J n M3%. We write J** C M^ m , Jjg C jj* C A«J* , 

AH A FT 

and J fc ' C AiJ k ' for the subspaces of forms without singularities. Note that we suppress 
the superscript ! that some authors would use to distinguish the space of holomorphic and 
weakly holomorphic Jacobi forms. 

We also consider the space A4 Jl k ^f' H of H-harmonic skew-Maass-Jacobi forms of weight 
k and index m. This space consists of functions <f> as in Definition 13.41 where conditions (1) 
and (2) are replaced by 

(1') For all A G T J , we have <j>\'* m A = </>. 
(2') We have that C£ k m (0) = 0. 

The operators Cj^m an< ^ £fcm auow us to define skew-Maass-Jacobi versions of the spaces 
in Table [TJ Specifically, the forms in M. J^. k ^' H that are annihilated by £| k m and P,^'^ are 

denoted by M jg' H and Mjf£' h , respectively, and Mjf£ h := MJ^HM jf£' h . In this 
paper, we will encounter only the following two subspaces of H-harmonic skew-Maass-Jacobi 
forms without singularities: The space J^. k ^' h Q -^^km^ ■ which contains Skoruppa's skew- 
holomorphic Jacobi forms (see |21[ I22|). and J^ k ^' h Q -^^km'^' Note that Corollary 14.31 

will show that MJ s ^'^' h = J/f^f ' h , and that J^. k ^' h = {0} if m < 0. 
Before we continue, we give examples of the spaces given in Table [TJ 

Example 3.6. 

(1) The usual Jacobi forms and weak Jacobi forms in [9 J belong to (which is J^'^ by 
Theorem \l.l\ (EPJ. 

(2) The semi-holomorphic Jacobi-Poincare series Vu 1 ^! in [4J are examples of J^I^ (which 
is J^'^ by Theorem \l.l\ ^j). 

(3) I/O ? <j> G jf m , then \ G MJ**^. 

(4) Theorem \l.l\ asserts that a typical element in -MJ^^ is a sum of a semi-holomorphic 

Maass- Jacobi form and a meromorphic Jacobi form. For example, let be the semi- 

holomorphic Jacobi-Poincare series in [T], and let 0io,i and 012,1 be the usual Jacobi cusp 
forms of index 1 and weights 10 and 12, respectively. Then v[^f^ + G 

(5) Let (f) G J^' h with theta decomposition 0(r, z) = Yli (mod 2m) h l( T ) ®m,l( T i z ) and Vm,l as 
in (ESP- Theorem E2I implies that ^ (mod2m ) h ji m> i G -MJ^ m . 

(6) Theorem li.il gives Ai3^'^ m = •M-^k-m -^^k^-m' w hich shows how to construct 
examples of forms in .MJ^L,. 

(7) Zwegers's |25) real-analytic Jacobi form fi has a decomposition of the form ju = fx± + fa, 
where fii is a meromorphic Jacobi form on HI x C 2 and where fa is a real analytic Jacobi 
form on HxC (see the footnote (1) on page 7o/[2T] and also (|5. lOj) ). Note that the image 
°f V>2 under Pi _i was given incorrectly in OB, and it should have been £i _i(Zt2) = 0. 

2 > 2 2 ' 2 

One finds that fa G .MJi x . 
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Our next task is to describe the Fourier series expansions of H-harmonic Maass-Jacobi 
forms. For this purpose we will need the lower incomplete Gamma-function 7(5, x) := 
Jq t s ~ 1 e~ t dt and the function H(w) := e~ w f^° 2w ti~ k e~ t dt. Observe that H(w) con- 
verges for k < I and has a holomorphic continuation in k if w 7^ 0. If w < 0, then 
H(w) = e _u T(| — k,—2w) (see also page 55 of [5]), where T(s,x) := t s -1 e - ' (it is the 
upper incomplete Gamma-function. Throughout, we write q := e 2mT and £ := e 2mz . 

AH 

Proposition 3.7. Suppose <j) £ ■M.^k'm ^ as a ^ oca ^ Fourier series expansion of the form 
(3.11) Yl c(n,r;y,v)q n C. 

n,r£Z, 
D=4mn—r 2 

If m > 0, then c(n, r; y,v) lies in the 2 -dimensional vector space spanned by c\(n,r; y,v) 
and C2(n,r; y,v) below. If m < 0, then c(n,r; y,v) lies in the 4- dimensional vector space 
spanned by c\(n,r; y,v), ... ,c^(n,r; y,v) below. IfD^O, then 

ci(n,r; y,v) = 1, c 2 (n,r; y,v) = H {~^p) ex P (~^~) > 

c 3 (n,r; y,v) = sgn(r + 2m|) 7^, =^-(r + 2m~] 

c 4 (n,r; y, v) = #(^) exp (^) sgn(r + 2m|) 7 (|, =^(r + 2m^ 
If D = 0, then 

d(n,r; y,v) = 1, c 2 (n,r; y,v) = y^ k , 

c 3 (n,r; y,v) = sgn(r + 2m|) 7U, ^(r + 2m|) 2 ) 7 

c 4 (n,r; = y^~ k sgn(r + 2m|) 7 (±, ^ (r + 2m|) 2 ) . 

Proof. It is easy to verify that all Cj(n, r; y, v)q n C l r are in the kernels of Cfc j?n and A^. More- 
over, for each (n,r) the differential equation Ck, m (c(n,r; y,v)q n ( r ) = has at most four 
linear independent solutions, which can be seen as follows: For fixed n, r, and y the differ- 
ential equation for c(n, r; y,v) arising from A^(c(n, r; y,v)q n C r ) = has order 2, hence 
leading to at most two linear independent solutions /j(n,r; y,v) with coefficients di(n,r; y) 
(i = 1,2). Imposing Ck ir n(di{n : r; y)fi(n,r; y,v)q n ( r ) = yields a differential equation of 
order 2 for each d{(n, r; y). Thus, there are at most two linear independent solutions for each 
di(n,r; y), and hence at most four linear independent solutions for c(n,r; y, v). 

In Section [4] we will prove Corollary I4.4| which implies that ip := ^ m (4>) h as no singular- 
ities. In particular, ifi is a semi-holomorphic skew-Maass-Jacobi form of index — m (observe 
(|3.3|) and (|3.5|) ). and if tp ^ 0, then — m > 0. Thus, if m > 0, then c(n,r; y,v) in (|3.1ip is a 
linear combination of the semi-holomorphic solutions ci(n,r; y, v) and C2(n,r; y,v). □ 

The situation for H-harmonic skew-Maass-Jacobi forms is very similar. We only record 
the result on their Fourier coefficients and omit the proof. 
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Proposition 3.8. Let (j) £ -MJ/f^f ' H such that has no singularities and suppose that 

cj> has a local Fourier series expansion of the form 



(3.12) Yl c sk (n,r-y,v)q n C 



D=imn- 



lfm>0, then c sk (n,r; y,v) lies in the 2 -dimensional vector space spanned by c| k (re, r; y, v) 
and c| k (n,r; y,v) below. Ifm<0, then c sk (n,r; y,v) lies in the 4- dimensional vector space 
spanned by c| k (n,r; y, v), . . . ,c| k (n,r; y,v) below. then 



2m 



) 



sk/ \ fnDy\ k . . TT (-itDy\ (^Dy\ 
cf(n,r; y,v) = exp , c 2 {n,r; y,v) = H[— exp 

cf(n, r- y, v) = exp (^) sgn(r + 2m|) 7 (±, ^(r + 2m|) 



cf (n, r; y, „) = exp (^) sgn(r + 2m|) 7 (±, ^ (r + 2m£ 



If D = 0, then 

cf(n, r; y, u) = 1, cf(n, r; y, u) = y^~ k , 

cf(n,r; y,v) = sgn(r + 2m|) 7^, ^(r + 2m|) 2 ) 7 

c| k (n, r; y, v) = y§" fc sgn(r + 2m|) 7 (±, ^(r + 2m|) 2 ) . 

The ^-operators in (|3,ip . (|3,2p . (|3,6p . and (|3,7p provide the following interplay between 
the Fourier coefficients in Proposition 13,71 and Proposition 13.81 



Proposition 3.9. Let Cj(n, r; y,v) and c| (n,r; y,v) be the Fourier coefficients in Propo- 
sition \3. 71 and Proposition \3.8\. respectively. With an abuse of notation we write Ci := 
Ci[k,m,n,r] := Cj(n, r; y,v)q n ( r and7? k := cl k [k,m,n,r] := c| k (n,r; y,v)q n C, r . If D 7^ 0, 
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then 



6c,m(ci) = 0, 
ffc,m(c3) = 0, 



&,m(c2) =-(^) 5 fc ^ k [3-fc,m,n,r] J 



&,m(ck) =-(-^) 5 fc cf[3-fc,ro,n,r], 

£&n(^0 = -2^c s 1 k [/s,-m,-n,-r], 
€k,m(&) = -2\/7r c| k [/c,-m, -n,-r], 



Cfc k m(ci k ) — 0, 



a k m (2i k ) = o ; 

If D = 0, then 

6c,m(ci) = 0, 



#m(#) = -(^)* "*[3-*, "1,71,1-], 
= " (^) 1 c 3 [3 - fc, m, n, r], 



£fc k m (c| k ) = -2\/7T ci [k, -m,-n,-r], 
e^(^)=-2V^c 2 [k,-m,-n,-r}. 

£k,m{c2) = (| - k) cf [3 - k,m,n,r], 
Ck,m{c4) = (I - k) c^ k [3 - k,m,n,r], 

C?m(c3) = -2^?i k [k, -m, -n, -r], 
^k,m{c4) = -2/tt c| k [/c, -m,-n, -r], 



^ m (ci) =0, 

£gm(c2) =0, 

a k m (2! k )=o ; 

Cfc k m(c3 k ) = 0; 

C H (^i k )=o, 

Proof. Observe the covariance properties of the ^-operators in (|3.3p and (|3.8p . All identities 
of the proposition follow from straightforward computations. □ 

Let J-S^ denote the space of real-analytic functions HI x C — > C that admit a local Fourier 
series expansion at some point. H-harmonic Maass-Jacobi forms and H-harmonic skew- 
Maass-Jacobi forms that have local Fourier series expansions are connected in a natural way 
via the ^-operators in (|3.ip . f|3 . 2[> . (|3.6p . and (|3.7p . and the following corollary is a direct 
consequence of Proposition 13.71 Proposition 13.81 and Proposition 13.91 



$m<&) = (§-*) ci[3-/c,m,n,r], 
Cl k m (2| k ) = (§-*0 c 3 [3-k,m,n,r}, 

e^m = -2^c 2 [k, 
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Corollary 3.10. The following diagrams are commutative: 



sk 



^ n .M J 3 v - -Ff J n MJ km n X J 3 '_, ^ J n MJ km 



^sk ; H 
^3 — k,m 



Remark 3.11. 

(1) Any H-harmonic Maass-Jacobi form that has non-moving singularities admits a local 
Fourier series expansion. 

(2) It will follow from Theorem li.il and Proposition \4-2\ that the left diagram in Corollary 



Vi- 



3— fc ,m 



*sk,H 



\3.1Q[ is already commutative when omitting the intersections with T£ 3 . 

4. Maass-Jacobi forms with singularities 

In this section, we investigate the singularities of H-harmonic (skew)-Maass-Jacobi forms 
and prove Theorem 11.11 ([2]). A key ingredient is the next proposition, which relies on the 
theory of several complex variables. 

Proposition 4.1. Let (j) : IxC- > C be a real-analytic function except for possible singu- 
larities of type fg , where f and g are real- analytic, such that the singularities of <j){r, •) 
are isolated for every r£i. Suppose that A^(</>) = for some half-integer m. Then either 
(j) has no singularities, or there exist tq G M and real-analytic z$ : H — > C such that (f> has a 
Laurent series expansion of the form 



(4- 1 ) Yj c n,n'(r)(z- Z (T)) n (z- Zq{t)) 

n>-N,n'>-N' 

around (to, zq(tq)^ £ixC. In particular, if 4> is semi-meromorphic, then its Laurent series 
expansion around (to,zo( t o)) £BxC equals 

(4.2) Y, c n (r)(z-z (r)) n . 

n>~N 

Proof. Suppose that <fi has a singularity at (tq, £q(tq)) , where tq G EI and zq(tq) G C. It 
suffices to show that there are open sets To G U C EI and zq(tq) G V C C, and a real-analytic 
function zq : U — > C such that for r G U the singularities of (f)(r, • ) in a neighborhood of 
zq{tq) lie exactly at zq (r) and have the same multiplicities for all r G U. 

We first assume that (p is semi-meromorphic. Choose a neighborhood U xV of (to, -Zo( r o)) > 
small enough such that (j) can be considered as a meromorphic function of three complex 
variables x, y G Cj := R+jR (j 2 = —1) and z G C restricted to (r, z) = (x-\-iy, z) G J7 x V 
with x, y G R. We can write <f>\uxV as a quotient of two holomorphic functions f(x,y,z) 
and y, z) in three variables, after possibly shrinking U and V (see the treatment of the 
Poincare problem in [16, Proposition 3.1, Theorem 3.9]). We may also assume that / and 
g are coprime, i.e., there is no open set W such that the sets of zeros of f\w and g\w are 
equal. 
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Since 0(r, • ) has isolated singularities, we can apply the Weierstrass Preparation Theorem 
(see Theorem 2.1]) to g. We find that the singularities of r i— > 4>(t,z) are given by a 
product of powers of pairwise distinct irreducible pseudo polynomials (i.e., polynomials in z 
with coefficients that are holomorphic functions of x and y) p±(x, y;z), . . . ,pi(x, y; z) for some 
I after possibly shrinking U and V further. Since these polynomials are coprime, one can 
move To within U (which may be needed if I > 1) and then shrink U and V even further such 
that finally p\(x, y; z) r (f>(T, ■ ) has a holomorphic continuation on U x V for some < r € Z. 
This proves the case when <j) is semi-meromorphic. 

If <j) is not semi-meromorphic, then we will show that the locus of singularities of (j) locally 
coincides with that of a semi-meromorphic function. Write <j) for the image of (f> under £^ m or 
Equation (|3.5p and the assumption that A^(</>) = imply that <p is semi-meromorphic, 

and <p has singularities that can be described as above. In particular, (j) has a local Laurent 
series expansion of the form 

d n(r)(z - z (t)) h . 

n>-N 

For brevity we restrict to the case <j) = £j^ m (</>); the case (j) = (0) ^ s ana l°g° us - Then 
dj(f) has a local Laurent series expansion of the form 

(4.3) iJ exp^-7rm j c n (r) (z - z (T)) n . 

' ^ ^ n>—N 

If r 6 H is fixed, then the assumptions on the singularities of guarantee that (ft has a local 
Laurent series expansion in z and z. In particular, the coefficient of (z — Zq(t)) 1 of the local 
Laurent series expansion of dz<ft is zero, and one may formally integrate (|4.3|) with respect 
to z. This yields a real- analytic function ra , which has a locally convergent Laurent series 
expansion as in (|4,ip . and which locally has the same locus of singularities as 4>. Moreover, 
(p — (j) ra is semi-meromorphic and by the above it has a local Laurent series expansion as in 
(|4.2p . Thus <j) has a local Laurent series expansion as in (|4.ip . which concludes the proof. 

□ 

Another crucial ingredient is the following proposition: 

Proposition 4.2. There is no (j) & -MJ^f ,H that has a local Laurent series expansion with 
non-zero semi-meromorphic principal part 

-l 

(4-4) ]T c n (r)(z-z (r)) n , 

n=-N 

where N > and C-n ^ 0. 

Proof. Let G -MJ^' with singularities, and assume that (f) has a local Laurent series 
expansion as in Proposition 14.11 with non-zero semi-meromorphic principal part 

-l 

P(r,z):= £ Cn (r)(z-z (r)) n , 
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where N > and c_tv 7^ 0. By assumption, V is semi-meromorphic and C^ m (V) = 0. The 
factorization (I3J0D of Cf m for semi-meromorphic forms implies that C| k m (^ > ) i s meromorphic. 
In particular, dr^ m (V) = 0. Explicitly, we have 

(4-5) egUPHMyM £ (^(c„(r)(z-z (r)) n )-^-^c n (r)(.- Zo (r)) n - 2 



8irim 

-N y 

-N-3 , / , \ \ — N — 2 



We inspect the coefficients of (z — zo(t)) an d (-2 ~~ z o( T )) i n the Laurent series 

expansion of dr^miV)) and see that zq and y k ~^C-N(r) are holomorphic. If n < 0, then 
an induction argument shows that 

Cn(V) = ^ y l C n: l(T), 

where c n) i{r) is holomorphic and the sum is finite. If n = —N, then this is true by the above. 
Assume that the claim is true for all n < uq < 0. Apply cV to (|4.5p to obtain 



drUy k - l 2 ((«9 t c„ _ 2 )(t) - (n - 2) (0 T z o ) (r)c„ _i(r) - ^ (r)) J = 0, 



"0 



which proves that c no (r) is of the required form. 

Let no < be maximal such that c no 7^ 0. Expand the coefficient of (z — £o( r )) 
in the Laurent series expansion of 9f£| k m CP) ^° ^ nc ^ that V k ^ {~rV l ~ 1 c n Q A T ) + 

y'(9 T c n0j ;(r)) is holomorphic. It is easy to see that this is only possible if c„ (r) = cy?~ k for 
some / c £ C. 

Note that n / -iV, since y 2c no (T) is not holomorphic. Consider the coefficient of 



1 

' 2 ( 

(z — ^o( T )) ™° 1 in the Laurent series expansion of dr£f^ m ('P) to discover that — nocyc? r zo( r ) + 
U k ~^ J2iez+± {^ L y l ~ lc n -i,l( T ) + y l 9 T Cn -i,i(T)) is holomorphic, which is only possible if 



8 t zq{t) is a polynomial, since the sum over I is finite. 

Let A s := [( ( ° V ) , v^), (0, 0)] ef J If (r , z (t )) is a singularity of = \% m A S) 
then so is (t^, £q(-To)), where (To,io( r )) := (~^"' T2: o( z p"))- Moreover, cj) has a local Laurent 
series expansion with non-zero semi-meromorphic principal part 

-1 

V(t,z):= ^2 Cn(r)(z -z (T)) n , 

n=-N 

where c n = for n > tiq and c no 7^ 0. By the above reasoning, c no (r) = cyz~ k for some 
/ cG C, and z~q is a polynomial in r. Observe that £0 has an analytic continuation to H, 
and 4> has singularities along 5o( r ) f° r a U T - Compare the no-th Laurent series coefficients 
of V and V at (tq, zq) = Ag 1 ^, zq): 
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The fact that <f> = (p 1^ As implies that 

clm(^)^~ k \T\' 1 T 1 - k (-T)- no = (-l) n "cyl- k T k - 2 - no T~ 1 = cy'^- k , 
which is impossible, since c,c / 0. This contradiction completes the proof. 



□ 



Corollary 4.3. We have Mjf£' h = jf£' h , and jf£' h = {0} if m < 0. 



Proof. Let (f) £ ■MJ s ^' 1 ^' h ~, and assume that <P(tq, ■ ) has singularities for some tq £ H. Con- 
sider the Laurent series expansion of <fi around a singular point (tq, Zq(tq)^ (see Proposi- 
tion OJ: 



^(T^-zoCr))' 



n>-iV 

for some N > and c_jv 7^ 0. The functions c n : H — >• C are real-analytic and Zo(r) 
parametrizes the singularities in a neighborhood of (tq, ^o( r o)) ■ However, Proposition 14.21 

implies the contradiction c n = for n < 0. Hence has no singularities and -MJ^^' 11 = 

T sk,A,h 
d fc,m ■ 

The second part follows from the residue theorem as in the proof of Theorem 1.2]. □ 



We are now in a position to prove Theorem 11.11 ([2]) . 

Proof of Theorem \l.l\ If € ^-^m' then Corollary 13.101 and Corollary 14.31 imply that 
6fc,m(0) G J^™- Moreover, if t,k,m{4>) ¥= 0, then m > 0. Note that ^ fc ,m : j££ -> J^-lm 
is surjective. For the subspace of cusp forms of J^I^,' 1 ^, this observation is the remark after 
Theorem 2 of [3]. It is easy to see that the argument with Jacobi-Poincare series given there 
holds for all weak skew-holomorphic Jacobi forms of weight 3 — k and index m. In particular, 
there exists £ Jju — such that £k,m(' t l , ) = Cfe,m(^)- We find that <f> — if} is meromorphic, and 
= ^ + (0 — "0) i s t ne desired decomposition. □ 

We end this section with a corollary, whose proof does not rely on Proposition [321 Propo- 
sition [321 and Proposition 13.91 



Corollary 4.4. Let <ft £ -^-^km . Then c\(4>) has no singularities. 

Proof. If &z{4>) had singularities, then so would £]F m (</>)• However, (|3.3|) . (|3.5p . and Corol- 
lary [43] yield that £][? m (</>) £ ^k'—m nas no singularities- D 



5. Theta decompositions 



It is well-known that holomorphic and skew-holomorphic Jacobi forms have a theta de- 
composition (see [9l|22]). This follows directly from the invariance under the Heisenberg part 
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of r J , and hence semi-holomorphic forms in J fc l^ and J/f^f ,h also have such a theta decom- 

jA,h 

fc,m 



position. Specifically, if ^ (j> G Ji.™ is semi-holomorphic, then m > by Theorem 11.11 ([2]), 



and 



I (mod 2m) 

where hi are harmonic weak Maass forms and 

(5-1) e m ^z):= 9^C, 

r=l (mod 2m) 

where we write again q := e 2mr and £ := e 2mz . For semi-holomorphic skew-Maass-Jacobi 
forms we have an analogous decomposition ^ hi m i- 

We now review a more precise viewpoint of the theta decomposition. Recall that the 
metaplectic cover Mp 2 (Z) of SL 2 (Z) is generated by T : = f(g}), l) and S := ( ( J "q 1 ) , i/r) , 
where the root is given by the principal branch. The Weil representation p m of Mp 2 (Z) 
associated to the Jacobi index m > is defined as follows (for example, see |23j for details). 
It is a representation of Mp 2 (Z) on the group algebra C [Z /2mZ] , which has canonical basis 
elements ti for Z G Z/2mZ: 

(5.2) Pm{T) ti := e4 m (Z 2 ) ej, 

(5-3) ^(S 1 ) e/ := — i= V] e 2m (-ZZ / )e/', 



Z' (mod 2m) 



where here and throughout this section, e m (w) := e — ~. We denote the dual Weil represen- 
tation by p m . 

The Weil representation factors over the congruence subgroup 



Mp 2 (Z)[4m] := 



a b 
c d 



\ : a = d = 1 (mod Am) and 6 = c = (mod 4m) |. 



Given h : H — )■ C[Z/2mZ], we define a vector- valued slash action of Mp 2 (Z): 

for all 5 G Mp 2 (Z). We say that a map h : H — )■ C[Z/2toZ] is a vector- valued modular 
form if every component is a modular form (for some congruence subgroup) and if h is 
invariant under the I , -action of Mp 2 (Z) . This definition extends to vector- valued harmonic 
weak Maass forms of weight k and type p m . We write Mfc iPm for the space of such forms, 
and Mj. ^ C M.k jPm for the subspace of weakly holomorphic vector- valued modular forms 
of weight k and type p m . Vector- valued Jacobi forms can be defined analogously. The 
transformation laws of Q m ^i (see §5 of [9]) yield that (9 m i)i is a vector-valued Jacobi form of 
weight h, index m, and type p m . 

The theta decomposition for Jacobi forms can be stated more precisely as an isomorphism 
between vector- valued modular forms and Jacobi forms (for example, see |23j). It is easy 
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to see that such isomorphisms hold also for semi-holomorphic forms in J fe I^ and J?!, ,h . 
Specifically, 

(5-4) M k _ hpm — ► (/»,), J> and 

l 

(5-5) M,_ i/5m J^ h , (hOt ^ 

are bijective for m > 0. 

We next recall a set of ^-functions from Zwegers [25, 26j that will serve as a substitute for 
the theta series in ()5,ip . Let m > 0. For rt G Z 2m , write |n| := Yld=i n i an< ^ ll n ll := Ylf=i n f • 
Define 

(5.6) : = e(z2 . r)2m L !_ e 2^ lg H > 

where 

(5.7) 0(*;r):= £ (-l) r+ 3g^C r 

r6Z+| 

is a Jacobi theta function, and 

i?(z;r):= £ ( sgn(n) - E^(n + |)) ) (-l)"" V^C", 

where 



E(w):=2 e -™ 2 du = ^ 1 (\,Kw 2 ) 

J 



is the error function. Set 
(5.8) ^faT) :=(-l) m q-^C 



— (t+m) 



/i m (5 + + m)r, ^ - z; r) - | i?(2mz + (Z + m)r - ^1; 2mr) . 

Note that tL m j(z; r) in (|5.8|) coincides with ( — 1)' V-2m,l+m{u, v; r) of [26] evaluated at u = ^ 
and u = (7^- — z, . . . , Jj- — 2) , and |26[ Theorem 4.5] immediately implies: 

Proposition 5.1. The vector (jl my i)i is a vector-valued Jacobi form of weight ^, index —m, 
and of type p m . More precisely, 

V-m,l\i_ m ((0 l) >Vl), (0,0) = e im (-l 2 )fi mt i and 



v 22771 ^ ^ mot j2 m ) 

The following theorem is one of our main results, which provides a theta-like decomposition 
for H-harmonic Maass- Jacobi forms. 
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Theorem 5.2. Let m > 0. The map 

((^)/ (010(12771)5 <£>) 1 ► ^ ^ ft™' 1 + ^ 

I (mod 2m) 

is bijective. 

Remark 5.3. (1) If the "meromorphic part" ip in Theorem \5.2\ has poles only at torsion 
points, then it has a decomposition into a so-called polar part and a finite part, which 
admits a theta decomposition involving mock modular forms (for details see |25j and [7\). 

(2) Note that Theorem ] 1.2\ is simply a reformulation of Theorem \5.2\ We find that 

KA T^'H / KA T^>h ~ v jsk,c?,h 
Sfc,m 1 JVlJ k,m I JVlJ k,m >,} k,-m 

is Hecke equivariant. In particular, skew-holomorphic Jacobi Hecke eigenforms corre- 
spond to "Hecke eigenforms" in the subspace of moderate growth H-harmonic Maass- 
Jacobi forms. 

Proof of Theorem \5.2\ The map (|5.9|) is well-defined by Proposition 15,11 
A direct computation shows that 

C?_ m (^m,«) = 6m,l, 

and the linear independence of z i— > m (Jl m j(z; r)) = m ,i{r, z), for I = 1, . . . , 2m, and for 
any fixed r establishes the injectivity of (|5.9p . It remains to prove that (|5.9p is surjective. 
Let e MJ 6 £ m . Equations and ([33]) and Corollary HJ imply that fg_ m (0) G J^ ,h . 
In particular, £?_ m (0) nas a theta decomposition of the form ^ /ty m i (see (|5.4p ) and 
V> := E h l$m,l G -Mj£; H m by Proposition EU We have ^_ m (^) = so that 

ip := <j) — ij) € A^J^ ,h _ m , which yields the surjectivity of (|5.9p , □ 

We now prove Theorem ll.il (fTj). ([3]), and ([3]), where we will repeatedly employ the following 
fact already used in the proof of Corollary 14.31 If a non-zero semi-holomorphic function <j> 
satisfies the elliptic transformation property of a Jacobi form of index m (i.e., (f> is invariant 
under |fc jm [((J §) , \/T)> (A, At)] f° r ^> A 1 G Z), then m > 0. This follows exactly as in the 
proof of [U Theorem 1.2]. 

Proof of Theorem \l.l\ J7]). If m < 0, then = J^'m = {0} by the above fact. The 

second equality in the theorem follows from the first, because J^'^ = ^ ker(£fc m ) an d 
= Jk,m n ker (?fc,m)- We now show that = J fe ^. Suppose that G j£^, but 

J^- Then {EH), (123]), and Corollary EE2 imply that ^ fg TO ($ G J^ h is semi- 
holomorphic. Hence — m > and £? m (0) has a theta decomposition of the form ^\ hi Q m i- 
We use the same idea as in the proof of Theorem 15.21 Consider ip(r, z) = ^ hi(r) R m: i{z; r), 
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where 

R m ,i(z;r) := (-l) rn+1 ^q^^ 1 C (l+m) R{2mz + (I + m)r - 2mr) 

is the "non-holomorphic" part of (|5.8|) . Then ip (not modular in r) has no singularities, and 
7^ (j) — ip is semi-holomorphic and elliptic in z (see |26|). Thus, m > 0. This contradiction 
completes the proof. 

□ 

Proof of Theorem{TJ\ 0) . Let G A4J^. Then £fe, m (<£) G J^ltf by 0, and 

Corollary 14.31 In particular, all principal parts of are semi-meromorphic, and hence the 
same is true for C^mC^)' Corollary 13.101 and Proposition 14.21 imply that ^k,m{.4 > ) £ J^-i'm' 
Now, if 6c,m(<A) were n °t annihilated by £3^]^, then m < 0, since £^!fc jm (£fc,m(0)) G 
Ja'^A: -m * s semi-holomorphic. As in the proof of Theorem 11.11 (fTj). we find some %p(r,z) = 
^2/hi{r) Rm t i(z;r) (not modular in r) without singularities such that ^ (,k,m(4>) — tf> is 
semi-holomorphic and elliptic in z. Then m > 0, which is a contradiction to our previous 
finding. 

Thus, £/fc jTO (<^>) G J^i'm - Recall from the proof of Theorem 11.11 ([2]) that £&,m : J^,^ — >■ 

m * s surjective. Hence there exists a <p G such that (f) — (f) vanishes under £k,m> 

which establishes the claim. □ 

Proof of Theorem^ @). If € A<J^, then £g ffl (0) G J s fc k l A m h by (£3), ([33]), and Corol- 
lary 221 Moreover, if ^ m (4>) 7^ 0, then Corollary 14.31 asserts that — m > 0, yielding the first 
equality. The second equality follows from the first, since M J^'^ = -M-^km Pi ker(^ j?n ) and 
M^ m = M^ter{^ m ). ' ' □ 

We conclude the section with a remark. 

Remark 5.4. In Example \3.6\ (EJ), we pointed out that Zwegers's |25j ji-function has a de- 
composition of the form fi = /Ui + /X2; where fii G A 7 ! Ji' H x . Such a decomposition can for 

2 ' — 2 

example be found by setting 

(5.10) M^r):=n{z+^,^;r). 

Up to meromorphic Jacobi forms, ju2 is essentially the only Jacobi form that can be obtained 
as a "specialization" off! (see \2A\). Moreover, there is no meromorphic Jacobi form h such 
that jEt2 + h has no singularities. One can see this by considering the residues of the poles of 
z \— > Jm2{z;t). More precisely, suppose that g is a meromorphic Jacobi form of index such 
that the Jacobi form (on Mp 2 (Z) x (2Z) 2 ) 

(5 ' n) ^ ;r) -^Mif) 

has no singularities. Then g is holomorphic, since the zeros of the denominator of the second 
term in \5.11\) occur precisely where /2 2 has simple poles. Thus, g is independent of z, i.e., 
g is a weakly holomorphic modular form. Suppose that the residues at ~ 1 2 +r of the first and 
second term in \5.11\) are the same. Then the transformation behavior of fx and under 
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z I— > z + 1 shows that the residues of these terms at differ by a sign. In particular, the 
residues will not cancel, and hence there is no g such that \5.11\) has no singularities. 

6. H-QUASI MAASS-JACOBI FORMS 

Kaneko and Zagier |12] introduced the space of quasimodular forms, which includes the 
Eisenstein series Ei- Quasimodular forms impact various aspects of automorphic forms and 
physics, and the theory has been extended to the setting of Jacobi forms (for example, 
see |13| I14|). The notion of quasi- Jacobi forms in the literature mimics the definition of 
quasimodular forms by Kaneko and Zagier somewhat closely, and "quasimodular behavior" 
with respect to the Jacobi variable z has not been considered thus far. In this section, 
we fill this gap by introducing completed H-quasi Maass- Jacobi forms (see Definition I6.ip . 
The main result of this section (Theorem I6.4[) gives a characterization of completed H-quasi 
Maass-Jacobi forms in terms of H-harmonic Maass- Jacobi forms, which implies that there 
exists no Jacobi form analog of the quasimodular Eisenstein series E<i- 

With an abuse of notation we suppress from now on the superscripts and simply write 
X± and Y± for the operators defined in Section [2j Recall that every quasimodular form 
can be completed to a (real-analytic) modular form / := ^2 d =Q V d fd with holomorphic f^. 
Then / is annihilated by X®. More generally, if the functions are only harmonic, then / 
is annihilated by XSX£. This motivates the next definition of completed H-quasi Maass- 
Jacobi forms, where as before m^O. 

Definition 6.1. Let <p : HxC —> C be a real- analytic function except for possible singularities 
of type fg -1 , where f and g are real- analytic, such that the singularities of (j)(r, • ) are isolated 
for every r G HL Then eft is a completed H-quasi Maass-Jacobi form of weight k, index m, 
and depth D if the following conditions are satisfied: 

(1) For all A £ T J , we have 4>\ km A = (j). 

(2) We have that C fc>m (0) = 0. 

(3) We have that YfY D ((f)) = 0. 

(4) There exists an open set E/Cl 2 such that <P(t, ar + ft) has no singularities for all r € EI 
and ( G U. For every a, f3 £ Q such that (ft(T,aT + /3) has no singularities, we have 
that cf){T, ar + P) = 0(e ay ) as y — >■ oo for some a > 0. 

Remark 6.2. 

(1) H-quasi Maass-Jacobi forms of depth D = 1 are H-harmonic Maass-Jacobi forms. 

(2) One can define completed H-quasi skew-Maass- Jacobi forms by replacing L > Cfc,m 7 an d 
Y± in Definition \6.1\ with their skew-analogs. 

(3) Observe that the commutator [Y_,Y + ] = —2irm. Hence the operator Y+Y® can be 
expressed as a polynomial in the Heisenberg Laplace operator: 

D-l 

(6.1) Y?YB= J] (AH+2vrmd). 

d=0 
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Analogously, in the quasimodular setting X®XP can be expressed as a polynomial in the 
hyperbolic Laplace operator: 

D-l 

X»X D = \{ (A k + (k-2d) d ), 

d=0 

where (n)/ := n!=o( n — *) * s Pochhammer symbol ((n)o := 0). 

The following two results give descriptions of completed H-quasi Maass-Jacobi forms. 

Lemma 6.3. Let <p be a completed H-quasi Maass-Jacobi form of weight k, index m, and 
depth D that is annihilated by Yj° . Then 

D-l 



d=0 



where (j) d £ MJ%* A _. 



Proof. We induct on D. The case D = 1 is clear by Definition 13.41 Let D > 1, and set 4>d '■- 
Y D -\^). Then cp D € M^_ Dm . Consider ({-2Ttm) D - l {D - l)!)"^" 1 ^) 

With the help of (|6.ip and the fact that [YL, A^] = — 27rmY_, we verify that 

^ (?) = ^ ^ - ( _ 27rm)g i 1(g _ 1)! ^ ( n ( a ™ + h)w 

= ^' 1 (0)- ( _ 27rm)D 1 1(z ,_ 1)! (II (A=+ W-^p-l)))^* 



d=0 

D-l 

1 



1 

n (-2w)(^)=o. 



v — 2-7rm) _ ^ 

Thus, is a completed H-quasi Maass-Jacobi form of weight k, index m, and depth D — 1, 
and the claim follows by induction. □ 

Theorem 6.4. Lei (p be a completed H-quasi Maass-Jacobi form of weight k, index m, and 
depth D. Then 

d=0 

where $ d G -Mjf:* m . 

Proof. First note that for any and m < 0, we have 



(6.2) v 73 ™/ exp(-4^m^) y+(0) = y! k f v /= ^y exp(-47rm^- 



2 . 



Similar relations hold also for Y_ and Yl 



sk 
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Now, set (p := ^J—my exp ( - 4ttto^) Y? 0), and assume that 0^0. Then is a 
completed H-quasi skew-Maass-Jacobi form of weight k + 1 — D, index — m, and depth D 
(see Remarks 16.21 (j2|)). Using Relation (|6.2p . we confirm that vanishes under (Yf k ) . It is 
easy to extend Lemma [6.31 to completed H-quasi skew-Maass-Jacobi forms, and we find that 

^=E(n k ) d M> 

d=0 

for some (f)^ € M-^]^'^ D+d _ m - Proposition ^. 2l implies that m < 0. Let (fy£ G .M J^J_£>_|_ d m 
denote the preimage of 4>d under Z^ +1 _ D+dm - If 

D-l 



M ■= V - Y 1 , , , , 

^ ' ^ (-2^m) D - rf - 1 ( J D-d-l)! + ^ ; ' 



(-2W) I'D - d - 1 H 

then (j> — vanishes under Yl . Indeed, the image of 0^ under is given by 



£ (^^(c _,_.), "if ' (a?. - W) (« = £ Kf« («. 

We obtain 



D-l 



(Y_) D 0) = yj-my exp (4?rm^) = y^^exp (4vrm^) ^ (Y£ k ) d (0 d ) 

d=0 



D-l D-l 



d=0 d=0 
which proves the theorem after applying Lemma [6.31 □ 

As an immediate consequence of Theorem 16.41 we record: 

Corollary 6.5. The space of all completed H-quasi Maass-Jacobi forms of weight k and 
index m equals 



d=0 

We end with a final remark. 



rA,H 

k—d,m 



Remark 6.6. In [2\, Folsom and the first author describe a modular completion of characters 
of sd.{m\n)~~ highest weight modules. They encounter products of automorphic forms that are 
in the spirit of Theorem \6.4\ 

Acknowledgement: To be entered after the referee's report is received. 
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